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1 Introduction
From the perspective of the today second string revolution the low energy hadron physics
might seem to be much less exciting area for application of string theory then it was
25 years ago[1]. Still experimental and theoretical evidences for string behaviour of the
low energy QCD are strong and compelling. To a good approximation hadrons can be
grouped in linear Regge trajectories with an approximately universal slope and the Regge
phenomenology provides surprisingly good explanation for many low energy scattering
processes[2]. Also several theoretical attempts to go beyond the perturbative QCD: the
lattice strong coupling expansion, the large Nc expansion, the flux tube picture, or the
loop equations, seem to point at some effective QCD string model.
Whatever the final understanding of the QCD string would be it seems that the correct
answer should include a consistent quantum model of 1-dim extended relativistic system
in 4-dim Minkowski space. One can expect in particular that the spectrum of asymptotic
states in such theory should be described by a non-critical free string model. This provides
a physical motivation for analysing free strings in subcritical dimensions. A consistent
free non-critical string is of course far from solution of the problem. For example, in the
case of the Nambu-Goto string which can be constructed beyond the critical dimension
using covariant formulation the real obstacle is related to the violation of unitarity at the
one loop level of the perturbation expansion. Nevertheless, the classification of free string
models can teach us what are the possible starting points for an interacting theory or at
least what are the kinematical requirements such a theory should satisfy.
The aim of this seminar is to provide a brief review of consistent free string models in
physical dimensions. The presentation is based on the recent results obtained in Ref.[3],[4].
For the sake of simplicity we shall restrict ourselves to open bosonic strings, but the general
picture of models and their relations is essentially the same for the closed bosonic strings
and fermionic counterparts of the models considered[5].
All but one free string quantum models discussed below can be obtained by the covari-
ant quantization of one of the two classical string models. One of them is the well-known
1 Talk given at NATO Advanced Research Workshop on Theoretical Physics: New Developments in
Quantum Field Theory, Zakopane, Poland, 14-20 Jun 1997; presented by Z.Jasko´lski.
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Nambu-Goto string which can be also reformulated in terms of the Brink, Di Vecchia,
Howe, Polyakov (BDHP) quadratic action. The resulting quantum models allowed by the
old no-ghost theorem[6, 7] are briefly described in Section 2. The second classical string
model which we call the massive string is described by the BDHP action supplemented
by the Liouville action (with vanishing cosmological constants) for an extra dimensionless
scalar world-sheet field[3]. This model contains two more functional degrees of freedom
then the classical Nambu-Goto string. The family of quantum models obtained by the
covariant quantization of the massive string is described in Section 3. It contains in par-
ticular the quantum massive string constructed long time ago by Chodos and Thorn[8].
As it was mentioned above the problem of the critical dimension for the Nambu-Goto
string in the covariant formulation is related to the unitarity of loop amplitudes. In the
unitary light-cone formulation the critical dimension shows up already in the free theory
which is covariant only for D = 26[9]. The light-cone quantum model can be however
modified by introducing longitudinal excitations in an appropriate way such that the
Poincare covariance is restored. Such construction was recently proposed in Ref.[4] and
is briefly described in Section 4. In Section 5 some conclusions are presented. All free
string models discussed in this note are schematically presented on Fig.1.
2 Nambu-Goto string
Introducing the world-sheet metric gab as an extra variable one can reformulate the clas-
sical Nambu-Goto string in terms of the BDHP quadratic action
S[x] = − α
2pi
∫
M
√−g d2z gab∂axµ∂bxνηµν .
In the confromal gauge the system is described by the equations of motions
−x¨µ + x′′µ = 0 ,
the constraints
α
2pi
(
x˙2 + x′2
)
= 0 ,
α
pi
x˙x′ = 0 ,
and the boundary conditions x′µ(τ, 0) = x′µ(τ, pi) = 0.
In the phase space holomorphic variables
{αµ0 , xν0} =
1√
α
ηµν , {αµm, ανn} = imηµνδm,−n ,
the constraints can be written in the compact form
Lk =
1
2
+∞∑
−∞
α−n · αk+n = 0 ,
and form the algebra of first class constraints
{Lm, Ln} = i(m− n)Ln+m .
The covariant quantization consist in representing the commutation relations
[Pµ, x
ν
0] = −iδνµ , [αµm, ανn] = mηµνδm,−n
2
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Figure 1: Classification of non-critical free string models. The number of ”func-
tional” degrees of freedom varies along the vertical axis. The arrows symbolize the co-
variant method of quantization. The quantum models in the dashed box are equivalent
to each other. The covariant classical counterpart of the resulting model with the right
number of degrees of freedom is not known.
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in a pseudo-Hilbert space H[9]. Due to the normal ordering the quantum constraints are
of the second class
[Ln, Lm] = (n−m)Ln+m + 1
12
D(n3 − n)δn,−m
and therefore only half of them can be imposed as conditions for the physical states
Ln|ψ〉 = 0 , n ≥ 0 , (L0 − α(0))|ψ〉 = 0 .
One gets a consistent quantum theory if and only if there are no physical states with
negative norm. The necessary and sufficient conditions for the dimension D of the target
space and for the intercept parameter α(0) are given by the no-ghost theorem proven long
time ago by Goddard and Thorn[6], and by Brower[7].
The space Hph ⊂ H of physical states in the covariantly quantized Nambu-Goto string
is ghost free if and only if D = 26, and α(0) = 1, or D < 26, and α(0) ≤ 1.
The number of degrees of freedom of the quantum theory depends on the structure of
the zero norm physical states. In the case of D=26 , α(0)=1 the space H0 of null physical
states is largest possible. In this case the number of degrees of freedom is the same as
in the classical model. This is the only case when the covariant quantization yields the
same result as the quantization in the light-cone gauge[9]. For D < 26, α(0) < 1 there
are no null states and the quantum model contains one ”functional” degree of freedom
more then the classical theory. For non-critcal string with the intercept α(0) = 1 one
has an infinite dimensional subspace of null states, but not large enough to cancel one
”functional” degree of freedom. This situation is schematicaly presented on Fig.1 where
the lower part of the diagram describes models obtained by the covariant quantization of
the Nambu-Goto string.
3 Massive string
The action for the massive string is a simple modification of the BDHP action by the Liou-
ville action for additional dimensionless world-sheet scalar ϕ with vanishing cosmological
constants:
S[g, ϕ, x] = − α
2pi
∫
M
√−g d2z gab∂axµ∂bxνηµν (1)
− β
2pi
∫
M
√−g d2z
(
gab∂aϕ∂bϕ+ 2Rgϕ
)
.
The functional above regarded as a two-dimensional conformal field theory action de-
scribes a special case of the induced (Liouville) gravity coupled to the conformal matter
with the central charge c = d. This system has been extensively studied some time
ago[10], both as a conformal field theory input of the Polyakov formulation of interacting
string theory[11] (this application being restricted by the so called c = 1 barrier) and as
a 2-dimensinal toy model of dilaton gravity for analysing black hole physics[12].
The action (1) can be also regarded as a world-sheet action for a relativistic one dimen-
sional extended object. From this point of view it was first considered by Marnelius[13] in
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one of the first attempts to clarify the relation between non-critical string and the Liou-
ville theory. The classical and quantum free string model determined by (1) was recently
analysed in Ref.[3]. Because of the properties of its quantum spectrum we shall call it the
massive string.
In the conformal gauge the massive string is described by the equations of motion
−x¨µ + x′′µ = 0 , −ϕ¨+ ϕ′′ = 0 ,
α
2pi
(
x˙2 + x′2
)
+
β
2pi
(
ϕ˙2 + ϕ′2
)
− 2β
pi
ϕ′′ = 0 ,
the constraints
α
pi
x˙x′ +
β
pi
ϕ˙ϕ′ − 2β
pi
ϕ˙′ = 0 ,
pi∫
0
dσϕ˙ = 0 ,
and the boundary conditions x′µ(τ, 0) = x′µ(τ, pi) = 0 , ϕ′(τ, 0) = ϕ′(τ, pi) = 0. Let us
note that due to the gauge symmetry of the model there are no dynamical degrees of
freedom in the metric sector.
In the phase space holomorphic variables
{αµ0 , xν0} =
1√
α
ηµν , {αµm, ανn} = imηµνδm,−n ,
{ω0, ϕ0} = 1
pi
, {βm, βn} = imδm,−n ,
the constraints take the form
Ln =
1
2
+∞∑
m=−∞
α−m · αn+m + 12
+∞∑
m=−∞
β−mβn+m + 2
√
βikβk + 2βδn,0 = 0 , β0 = 0 ,
and satisfy the Poisson bracket algebra
{Lm, Ln} = i(m− n)Ln+m − 4iβ(m3 −m) , {Lm, β0} = 0 .
In the classical Nambu-Goto string the first class constraints remove 2 out of the initial
D ”functional” degrees of freedom in the x-sector (within BDHP formulation the metric
sector decouples as in the massive string case). In contrast to the Nambu-Goto (or
BDHP) string the classical constraints are of the second class. In consequence the classical
massive string has D ”functional” degrees of freedom rather then D− 1 which one might
expect from the modification of the BDHP action by adding the Liouville sector with 1
”functional” degree.
The covariant quantization of the system follows the standard lines mentioned in the
previous section. Due to the normal ordering the central extension of the algebra of
constraints gets modified
[Ln, Lm] = (n−m)Ln+m + 1
12
(D + 1 + 48β)(n3 − n)δn,−m , [Ln, β0] = 0 .
The subspace of physical states Hph ⊂ H is defined by
Ln|ψ〉 = 0 , n ≥ 0 ; (L0 − a0)|ψ〉 = 0 ; (β0 − q)|ψ〉 = 0 ,
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where the classical constraint β0 = 0 has been replaced by the quantum condition (β0 −
q)|ψ〉 = 0 with an arbitrary real parameter q.
The explicit construction of physical states in terms of appropriately modified DDF
operators was given in Ref.[3]. It leads to the following no-ghost theorem.
For each real q the space of physical states in the massive string model is ghost free if and
only if one of the following two conditions is satisfied:
a0 ≤ 1 , 0 < β ≤ 24−D
48
;
or
β = βm , a0 = ars(m) for m = 2, 3, ...; 1 ≤ r ≤ m− 1; 1 ≤ s ≤ r ;
where βm ≡ 24−D
48
+
1
8m(m+ 1)
, ars(m) ≡ 1− ((m+ 1)r −ms)
2 − 1
4m(m+ 1)
.
In the case of a0≤1 , 0<β≤ 24−D48 there are no null states and the number of degrees
of freedom in the quantum theory is the same as in the classical one. For 0<β ≤ 24−D
48
and a0=1 there is an infinite dimensional family of null states. Also for quantum models
from the discrete series a0=ars(m) , β=βm the space H0 of null states is nontrivial. The
most interesting quantum model corresponds to β=β2=
25−D
48
and a0=a11(2)=1. In this
case the space H0 is largest possible and one has D − 1 ”functional” degrees of freedom
in the quantum theory. In order to emphasize this special structure we call this model
the critical massive string. It coincides with the quantum model constructed long time
ago with the use of the Farlie realization of the Virasoro algebra by Chodos and Thorn[8].
All quantum massive string models allowed by the no-ghost theorem are presented on the
upper part of the diagram on Fig.1.
4 Non-critical light-cone string
An explicitly unitary formulation of the perturbation series of the interacting theory
requires a formulation of the free string in terms of independent physical degrees of free-
dom and their physical time evoultion. The quantization of the Nabu-Goto string in
the light-cone gauge provides such formulation only for the critical dimension D = 26,
and the intercept α(0)=1. Beyond the critical dimension the Poincare algebra develops
anomalous terms and this formulation breaks down[9]. One can however try to improve
the model by adding longitudinal excitation in an appropriate way. Some hints for such
construction can be obtained by analysing the time dependence of physical states of the
covariantly quantized Nambu-Goto string in non-critical dimensions. The non-critical
light-cone string briefly presented below was recently constructed in Ref.[4]. A similar
construction motivated by the Liouville theory was also analysed by Marnelius in the
context of non-critical Polyakov string[14].
One starts with the choice of a light-cone frame in the flat D-dimensional Minkowski
target space. It consists of two light-like vectors k, k′ satisfying k · k′ = −1, and an
orthonormal basis {ei}D−2i=1 of transverse vectors orthogonal to both k and k′. We introduce
the operators
P+ = k · P , x− = k′ · x , P i = ei · P , xi = ei · x , i = 1, .., D − 2 ,
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corresponding to the light-cone components of the string total momentum and position
and satisfying the standard commutation relations
[P i, xj ] = iδij , [P+, x−] = −i .
For each set of eigenvalues p+, p =
∑
piei of the total momentum component operators we
define the Fock space FT(p+, p) of transverse string excitations generated by the creation
operators
[αim, α
j
n] = mδ
ijδm,−n , (αim)
†
= αi−m , m, n ∈ ZZ ,
out of the unique vacuum state Ω(p+, p) satisfying
P iΩ(p+, p) = piΩ(p+, p) , P+Ω(p+, p) = p+Ω(p+, p) , αimΩ(p
+, p) = 0 , m > 0 .
In order to describe the longitudinal string excitations we introduce the Verma module
VL(b) of the Virasoro algebra
[LLn, L
L
m] = (n−m)LLn+m + c12(n3 − n)δm,−n
with the highest wight state
LL0 Ω
L(b) = b Ω(b) , LLn Ω
L(b) = 0 , n > 0 .
For value of the central charge c within the range 1 < c < 25 and for b > 0 the hermicity
properties of the generators:
LLn
† = LL−n , n ∈ ZZ ,
determine a positively defined non-degenerate inner product inducing a Hilbert space
structure on VL(b). For b = 0 this inner product acquires null directions and for b < 0 one
gets negative norm states in VL(b). The full space of states in the non-critical light-cone
string model is defined as the direct integral of Hilbert spaces
Hlc =
∫
IR\{0}
dp+
|p+|
∫
IRd−2
dd−2p FT(p+, p)⊗ VL(b) .
In order to complete the construction one has to introduce a unitary realization of the
Poincare algebra on Hlc. For that purpose we define the transverse Virasoro generators
LTn =
1
2
+∞∑
m=−∞
: α−m · αn+m : ,
where αµ0 =
1√
α
P µ, and the dimensionful parameter α related to the conventional Regge
slope α′ by α = 1
2α′
. The generators of translations in the longitudinal and in the trans-
verse directions are given by the operators P+ and P i, i = 1, ..., D − 2, respectively. The
generator of translation in the x+-direction is defined by
P− =
α
P+
(LT0 + L
L
0 − a0) .
Within the light-cone formulation the x+ coordinate is regarded as an evolution parameter.
In consequence P− plays the role of the Hamiltonian and the Schro¨dinger equation reads
i
∂
∂x+
Ψ = P−Ψ .
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The generators of Lorentz rotations are defined by
M
ij
lc = P
ixj − P jxi + i∑
n≥1
1
n
(αi−nα
j
n − αj−nαin) ,
M i+lc = P
+xi ,
M+−lc =
1
2
(P+x− + x−P+) ,
M i−lc =
1
2
(xiP− + P−xi)− P ix− − i
√
α
P+
∑
n≥1
1
n
(
αi−n(L
T
n + L
L
n)− (LT−n + LL−n)αin
)
.
They are all self-adjoint operators. The algebra of P+, P i, P− , and Mµν closes to the
Lie algebra of Poincare group if and only if the central charge c of the Virasoro algebra
generating the ”longitudinal” Verma module VL(b) and a0 entering the definition of the
Hamiltonian of the system take the critical values c=26 − D , a0=1. Indeed, the only
anomalous terms appear in the commutators:
[
M i−lc , M
j−
lc
]
= −
(
2− D−2+c
12
) α
P+2
∑
n>0
n(αi−nα
j
n − αj−nαin)
−
(
D−2+c
12
− 2a0
) α
P+2
∑
n>0
1
n
(αi−nα
j
n − αj−nαin) .
The model contains one free parameter b entering the mass shell condition M2 =
2P+P− − P 2 = 2α (N + b− 1). As it was mentioned above the only restriction on b is
b ≥ 0.
5 Conclusions
A common feature of all free non-critical string quantum models considered above and
schematically presented on Fig.1 is presence of longitudinal excitations. Indeed all these
models have more degrees of freedom than D− 2 transverse excitations characteristic for
the classical Nambu-Goto string and its quantum counterpart in the critical dimension.
On general physical grounds one can expect that the number of longitudinal degrees of
freedom is the same as in each transverse direction. It means in our slightly informal
terminology that one should expect D − 1 ”functional” degrees of freedom. There are
three models with this property: the non-critical light-cone string, the critical massive
string, and the covariantly quantized non-critcal Nambu-Goto string. It turns out that
in spite of different origins all these models are just different descriptions of the same
quantum theory which we call the critical massive string. The proof of this fact based
on the DDF operators technique was recently given in Ref.[4]. It should be also stressed
that there exists yet another way of constructing this model. It was shown by explicit
calculation of the string propagator that the Polyakov path over bordered surfaces leads
in the range of dimensions 1 < D < 25 to the critical massive string[15].
So many equivalent descriptions of the critical massive string makes it a very interest-
ing object to study. In particular one can calculate the spin content of the model using the
light-cone description and the Fock space realization of the Verma module of longitudinal
excitations. This realization opens new possibilities for analysing the interacting theory.
This is in fact the first formulation in which one can construct and analyse the joining-
splitting interactions of non-critical strings with longitudinal excitations. Whether or not
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there exists a consistent interacting theory is still an open problem. The fact that the old
no-go arguments concern only dual model constructions or strings with only transverse
excitations makes this question especially fascinating.
Let us finally mention very peculiar feature of the critical massive string. It seems that
there is no covariant classical counterpart of the model with the right number of degrees
of freedom. It can be obtained either by anti-anomalous quantization of the classical
massive string or by the anomalous quantization of the Nambu-Goto or BDHP string.
On the other hand the classical counterpart of the light-cone formulation of the model
can be easily find but it is not covariant because of anomalous terms present in the Poisson
bracket algebra of Poincare generators.
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